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I. INTRODUCTION 



Matrix theory M is one of the most promising ideas for a nonperturbative definition of M theory. There are many 
hints that confirms the validity of this conjecture, for example, this theory can reproduce the leading order scattering 
amplitude for gravitons in cloven dimensional low energy supergravity without momentum transfer in the longitudinal 



On the other hand, there are many unresolved problems. Eleven dimensional Lorenz invariance is still mysterious, 
the theory is defined in a fixed background. Processes with longitudinal momentum transfer between gravitons has 
not been calculated and this process would be rather useful for proving Lorenz invariance. The other serious problem 
is that matrix theory is not well understood for more complicated backgrounds (for example the p-torus with p > 6). 

One of the most interesting problems where matrix theory can be tested is the quantum mechanical description 
of black holes. This is because matrix theory, as a candidate for a nonperturbative definition of M theory, must be 
able to describe these black holes and indeed this have been done in many papers (for example |Iq |, ]24[|). In these 
approaches, a remarkably simple model for Schwarzschild black holes was presented in that the Schwarzschild black 
hole is described as a collection of N DO branes, and the basic properties of these black holes comes from a statistical 
study of this system. In this approach it is important to have these branes distinguishable in order to obtain the 
correct formula for the entropy. In order to obtain distinguishable DO branes, we must specify some background, 
which completely breaks the residual symmetry of the matrix model, which is the group of permutation of N objects 
Sn- More precisely, when we take the Matrix theory Lagrangian, which describes a system of N DO branes, this is 
0+1 SYM theory with gauge group U(N). If we want to describe the sector of the theory with N well separated DO 
branes, then we must break the gauge group into U(1) N , but the configuration is still invariant under the group of 
permutations Sn which results in the quantum statistic properties of gravitons (more in |l6|]), But when we specify 
some classical background, this completely breaks the residual symmetry and we obtain a system of N distinguishable 



In |lq] , Schwarzschild black holes were studied in the regime S ~ N, which simply means that the black hole 
consists of N distinguishable particles which each carry a longitudinal momentum P_ = 1 / R, where R is the radius 
of the longitudinal direction in the DLCQ quantization of M theory. 

An interesting proposal was made in |l8| , where the statistical properties of Schwarzschild black holes were obtained 
from first principles in Matrix theory. Because, as the authors argued, since matrix theory is a candidate for a 
nonperturbative description of M theory, it has to be possible to determine from first principles the properties of 
all gravitational objects included in this regime. In their paper, the thermodynamic properties were calculated from 
the statistical partition function of Matrix theory for a particular sector of this theory. The background was chosen 
to describe a collection of N classical DO branes and then they calculated the partition function by integrating out 
off diagonal modes. Subsequently they estimated the basic thermodynamic properties of this system by the same 
procedure as was used in [ p"5| for estimating mean values of characteristic parameters. After this was done, they 
obtained the same relation between entropy, mass and Schwarzschild radius for black hole as in classical gravity and 
as in the work jl5| without the initial assumption that S ~ N. In the conclusions of |Iq], they suggested a similar 
way to count the properties of Schwarzschild black hole also in the regime S << N and they furthermore suggested 
that in this regime the DO branes can form membrane-like degrees of freedom. 

The regime S << N was previously investigated in the paper (24j and there it was proposed that the DO branes would 
condense into K clusters, where K ~ S. In this situation these clusters must also exchange longitudinal momentum 
among themselves and this interaction must also be included into the effective potential between these clusters (as 
usual in matrix theory, it is difficult to calculate this potential directly, so the potential has to be estimated). Doing 
this they were able to obtain the correct value for the entropy and the mass of a Schwarzschild black hole in the 
regime S « N. 

In the present paper we will calculate the macroscopic properties of Schwarzschild black holes precisely in this 
regime S « N in a way similar to the one suggested in |lS|j , so this paper should be seen as a continuation of 




p8| . The generalization consists in taking more complicated backgrounds with more than two objects (there are K 
extended objects), which are far away from each other. We take a background consisting of K clusters of DO branes 
where the longitudinal momentum of the i-th cluster is P_ = Ni/R. We will compute the statistical sum, and after 
estimating the mean values of velocity of each object, the distance between the objects and other parameters according 
to fl^l , we obtain a value for the entropy S ~ K. This had to be assumed in j24], but here it emerges directly from 
theory However, we cannot obtain directly from this approach the correct macroscopic quantities (mass, entropy, 
Schwarzschild radius) for black holes due to the fact that when we count the one loop statistical partition function, we 
obtain an effective potential which does not include exchange of longitudinal momentum between clusters. When we 
estimate this potential in the same way as in [ p4[ we obtain correct value of mass, entropy and Schwarzschild radius 
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for a Schwarzschild black hole. Certainly it would be interesting to obtain this potential directly from matrix theory, 
but we do not know how this could be done. 

We also have to worry about the fact that membranes in Matrix theory are not stable objects unless they are 
infinite or wound around some non-trivial cycles. The infinite membranes are not good to construct finite size black 
holes from but we will show that the stable compact membranes wound on non-trivial cycles, which are described by 
a 3 + 1 dimensional SYS theory, can be used to show that the same statements hold for Schwarzschild black holes in 
eight dimensions. 

This paper is organized as follows. In the first part we choose a general background and expand the action for 
matrix theory around it giving us the action for the fluctuating fields. In the second part we evaluate the partition 
function to one loop order. In the third part we use our general partition function for a particular example. Namely, 
we consider K clusters of DO branes and we will try to evaluate the characteristic macroscopic properties of a collection 
of these clusters in order to confirm the conjecture J24j] that Schwarzschild black hole in the regime S << N can 
be described as a collection of K clusters. In the fourth part we calculate this partition function for matrix theory 
compactified on a three torus and as a particular example we take a collection of K membranes wound around two 
compact directions and again we obtain the correct formula for entropy and mass of a Schwarzschild black hole. 

II. GENERAL BACKGROUND IN MATRIX THEORY 

We start with the standard action in DLCQ M theory, which is 0+1 SYM with gauge group U(N) 

S = Jdt^ [TrD t X n D t X n + Jg 2 Tr [X\X>] [X,X] 
+ |Tr(i0 T D t + g0 T 7n [X n ,0]) 

(1) 



D t X n = d t X n - ig[A, X m ] , D t 6 = d t 6 - ig[A, 9} (2) 

where k = , g = M 3 R with M being the Plank mass and R being the radius of the compact light-like circle. Also, 
7™ are SO (9) gamma matrices in the Majorana representation, so they are real, symmetric and obey the relation 
{7" 1 , 7™} = 25 mn , and 9 is thus a real 16 component spinor. Our fields also transform in the adjoint representation 
of the gauge group U(N) so all matrices must be hermitian. 

In order to evaluate the partition function, we must go to Euclidean time, so we make the transformation 

T = it,A=-iA (3) 

After this transformation we obtain the Euclidean form of the action 

,2 



Se = dr 



|TrD r X n D r X n - ^-Tr [X n ,X m ] [X n ,X m ] 

+ ^Tr (9 T D T 9 - gfl T 7 m [X m , 01' 
2 



where D T X n — d T X n — ig[A, X n ] and similarly for fermions. 

We would like to evaluate the partition function, which is defined as 



(4) 



Z{fl) = J [path] exp(- jf" Lb) (5) 

This function can be evaluated in two steps. To begin with we specify some background which is described by a 
classical configuration in Matrix theory and we evaluate the effective action about this background. Then, following 
fl5|| , we estimate various mean values appropriate for a background describing a Schwarzschild black hole in eleven 
dimensions and insert them in the action to find the quantities we are interested in. After the evaluation, we find 
that this model do not completely describe a Schwarzschild black hole for N >> S and then we explain why it is so. 

We begin by computing the 1 loop effective action for an arbitrary background. To this end we divide the field 
from (0) into two parts: 
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X 1 = -B l + Y l 
9 



(6) 



where X 1 is the classical background and Y' L is a quantum fluctuation. We take background values of fermionic fields 
and ghosts fields to be zero. Because our Lagrangian is the Lagrangian of SYM theory, it is gauge invariant and we 
need to fix the gauge to make the calculation. We will use a gauge fixing of the form 



-d T A + i[B n ,Y n ] = 0, 



(7) 



which means that we will also have ghosts present in the Lagrangian. After expanding the action around the back- 
ground we obtain the following Lagrangian (in the following, partial derivative means derivative with respect to 
Euclidean time r ): 



2 5 2 



rTrdBW 



-Tr[B n ,B m ] [B n ,B m ] 



+kTt QdY'dY 1 - 2i<9B i [A, Y 1 ] - ^ [A, B m ] [A, B m ] - 



[B n , Y m ] [B n ,Y m ] 



_ 1 \ B n^ B m-\ [ Y n ,Y m ] -~ [B n ,Y m ] [Y n , B m ]j 
ifermi - ^Tr (0 t ' d T 6 - T 7m [B n , 6}) L ghost - K Tr (-W 2 c + c [B m , [B m , c]]) 



(8) 



where the ghost field c , c are two real and independent fermionic fields in the adjoint representation of the gauge 
group U(N). 

Now we take the background matrices in the following form 



B r ' 
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• Bf 



(9) 



All other background fields (including gauge field A ) are chosen to be zero. The fluctuating fields have the form 

/ o 

A = 



A 12 



A12 A 13 
A 23 



A 1K \ 
A 2K 



V a\ k a\ 
( 



2 A' 



A\ 



(10) 



K,K — 1 



Y n 



*12 



ym \rra 
I Y1 J 13 



K 



23 



\ 'IX I 2K 



Y, 



K,K-l 



[ 2ft" 



where X m , m = 1 ... K are matrices of order N m x A m and Fjvm , M = 1 . 
order Am x A^y. The fermionic matrix is a fluctuating matrix of the form 



(11) 



. K — 1 , N = I . . . K are matrices of 



/ 12 



9 







'13 
23 



w 



IK U 2A" 



0ik \ 

01A" 



(12) 



We also have ghost fields in the form: 



/ C12 Ci 3 

4 2 c 23 



c = 



Clif \ 
C2A 



lif 2K 



4c,K-l / 



(13) 
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and the same matrix for c, where the matrices c are replaced with c. These matrices with indexes M, N have the 
same number of rows and columns as the matrix Ymn- 

This form of the matrices of the fluctuating fields is appropriate for evaluating the one loop effective action because 
the diagonal fluctuating fields decouple in the expansion of the Lagrangian at the quadratic level. Inserting these 
matrices in the Lagrangian and after straightforward but tedious algebra we obtain the following Lagrangian for the 
fluctuating fields: 



K 

E 

. M<N,N=1 



\^mn^mn + ^mjv (^mV) Ymn J (14) 



where 



^MAT — O^MNiiT (15) 



is a matrix of order Nm X Njy , which means that i = 1 . . . Nm > j = 1 • • ■ Njy and the index a goes from ... 9 where 
its zeroth part comes from the field A and 

(M$ N ) 2 = M$ No +M$ Nl (16) 
Mg No = K MN 6 ab , M$ Ni = -2iF$ N (17) 

■T 

K MN = B M ® 1n n xN n ~ ^NmxNm ® B % MN (18) 

Fmn = ~Fmn = Kmn> j-^mjv = 'Kwi^iffl] (19) 
and by the product between vectors and matrices we mean it in a two index formulation: 

Y^CY = (Y l3 )*C l]M Y k i (20) 
For the fermions we obtain the following result: 

K 



« E [OmJmn - 0\J Nl n Kl IN e MN ] (21) 



J f errai 

M<N,N=1 

where 0^ T 6 — (9 T )*j0ij , because the operation of transposition is related to the spinor index. 
Finally we obtain the contribution from the ghosts: 

K 



Lghost — ^ ] |^~cj^jy(? 2 Cjv/jV + c ^MN-^-MN c MN J r 
M<N,N=1 

i t «2- t iy-2 — 

~i~ c MN° C MN — C MN M N C MN 



(22) 



III. EVALUATION OF THE EFFECTIVE ACTION 

In the following wc would like to calculate the one loop effective action. Because this subject is well known in the 
literature [p0|-p2[, we only briefly recapitulate basic facts. Firstly, because our effective action is a thermal effective 
action, we must specify boundary condition in the thermal direction for various fields which are in the action. We 
have: 

$(0) = ±$(/3) (23) 
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where the upper sign is for the bosons (Y l ) and the lower one for the fermions ( 9 ,c,c ). We use these formulas for 
evaluating some integrals: 



J [Y][Y*]exp((Y a )*M ab Y b ) = det(Af)- 1 (for bosons) 
J [C] [C*\ exp{C*NC) = det(N) (for fermions) 



(24) 



so 



K 



exp(-r 1 )= [] (XYZ) MN (25) 



M<N,N=1 



where 



X MN = det{-d 2 +Mmn)~ 
Y MN = det(-d 2 +K 2 MN f 
Z MN = det(9- 7 " K^ N f 



(26) 



In these traces we must sum over matrix indices, Lorenz indices or spinor indices and we must integrate over r with 
appropriate boundary condition. Also, the ghost determinant has exponent 2, because we have two equivalent ghosts 
fields. 

As was explained in |^9[ , the leading order effective action can be obtain in an adiabatic approximation 

det(-<9 2 + lo{t) 2 ) - exp ( / uj{t)dt) (27) 

Jo 

We must convert the determinant for fermions into a determinant which is second order in time derivatives. This can 
be done by using the fact that det(9 + 7" K n ) = det(<9 — j n K n ), which gives us 

F 2 = det(d - j j K j ) det(d + fK l ) = det(<9 2 - -[K\K j ]j ij ) (28) 

where 7 y = |[7*,7 J ']- 

From this adiabatic approximation we obtain 

K 

Ti = -ln( Yl (BGF)mn) = 

M<JV,JV=1 

K 

[in (det( J B) _1 ) + In (det(G) 2 ) + In (det(F) 



M<N,N=1 
K 



E 



M<N,N=1 



P 1 

Tr(w B (t) MN - ^ F Wmn - 2co G (t)) 



(29) 



with 



<A*)Liv = M 2 (t) MN , u F (tf MN = K 2 MN ® l 16xl6 - % -F% Nl ^ 



(t) MN = K 2 (t) 



MN 



(30) 



In this trace we must sum over spinor or Lorenzian indices and the trace in the matrices Mmnij is over the i, j indices. 
Now we must evaluate this effective action. This will be done following pU. We must divide, the various fi(t) into 
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two parts, the first part which scales as a function of distance between two long separate object and the rest. This 
can be done in the following way; for bosons: 



2 

N 

M{t)f MN = K(t) 2 MN 6 ab ,M(t)? MN = -2iF$ N 



- M 0MN + M lMN 



(31) 



for fermions: 



n(ty MN = M(t) 0M N + M(t) IAIN 

1 

2 



M(t) MN = K{tf MN ® li6xi6,M(t) 1MW = dK(t) n MNl n - -F% n1 v 



(32) 



We must go over to the proper time representation 



1 _ f°° dr 



TV^M(t) MN + M(t)iMN = -7T^ Tr / — exp(-r(M(t) +M(t)i)) (33) 



r 2 



The integral can now be evaluated by the help of a Dyson perturbative series. Because we know, that Mi is much 
smaller than Mq, we can take the latter as a perturbative term, and the former as a background around which we 
expand. It corresponds to the standard Dyson formula free Hamiltonian. We take (in the following we will not write 
out the dependence of these terms on t, because in the proper time representation these terms are constant. We also 
will not write various indices, because these are not important in what follows) 



U(s) = exp- s( - Mo+Nl \ U(s) = exp- sMo 

isM 

(34) 



V(s) = U(-s) U{s) , = -M(s) 1 V(s) Af(s)i = exp lsM ° M% exp~ isM ° 

as 



V(s) = l- [ M(s 1 ) 1 ds 1 + f M(s 2 ) f M (si)idsidsa • ■ ■ (35) 
Jo Jo Jo 

-i poo j 

U(s) = U(s) V(s), Tr VMq + Mi = -r-^Tr / — U(s) 

^V 71 " JO S2 

(36) 



Zero order: 



Tr L (l 10x io) - ^Tr L (l 16xl6 ) -2 = (37) 

where in evaluating we divide the trace into two parts, one over the Lorenz indices and the other over the matrix 
indices. In the following we will not write indices of type MN, because as we can see from (|29|), the effective action is 
linear in indexes M, N so that we can simply calculate for one matrix with index MN and then sum over M, N. We 
see that to zeroth order these contributions are zero. To first order, we have contributions from boson and fermion 
respectively: 

Tr L M(s) 1B - Tr L M(s) 1F = -2iF aa + <9K n Tr 7 n - ^F ij ® Tr 7 ij = (38) 

This is due to the basic properties of the gamma matrices ( Tij n = ) and the antisymmetry of tensor F ab . 
To second order, we obtain the following term in the effective action: 

1 f°° ds 



2a/2 

The bosonic term has the form: 



Tr G / ^ exp- sMo Tr L ( [ dsiM(si) / ' ds 2 M(s 2 )) (39) 
Jo S2 \Jo Jo / 



G 



Tr L (M(s 1 ) 1 M(s 2 ) 1 ) = 8K(si)K(s 2 ) - 4F i j(si)F i j(s 2 ) (40) 
and the fcrmionic term has the form: 

Tr L (M(s 1 ) 1 M(s 2 ) 2 ) = 



= k n { Sl )k m {s 2 )5 mn - I^( Sl ) J F fci ( S2 )Tr( 7 ij 7 kl ) = 
= \&k{ Sl )k{s 2 ) -8F ll ( Sl )F ll (s 2 ) 



(41) 



so fermionic and bosonic contribution cancel each other. To third order we obtain: 
1 as 



V^V^ Jo s 2 
which for bosons means: 



f ds f f 1 f 2 

/ — cxp- sMo / dsiM(«i)i / ds 2 M(s 2 )i / ds 3 M(s 3 )ds 3 (42) 
Jo s 2 Jo Jo Jo 



Tr L (M(s 1 ) 1 M(s 2 ) 1 M(s 3 )i) = 
8* (-k i (s 1 )F ij (s 2 )k^s 3 ) - F^k^(s 2 )k l ( S3 )- 

-k^ Sl )k\s 2 )F^(s 3 ) + F*j ( S i)i^(s 2 )F fei (s 3 )) 



(43) 



and for fcrmions: 



Tr L (M(si) 1 M(s 2 )iM(s 3 )i) = Tr L ^K n 7 n - ^F ij 7 ij j (si) x 
x (k m j m - ^F kl -f kl ^j (s 2 ) ^ P 7 P - tF op j op ^ (s 3 ) = 

(44) 

where the trace is now over spinor indices. After some algebra we obtain the following result for the fermions: 

= (-mF l 3 'F' jk F ki - ' - l(i/7' ''A 'A ' + 16iF ij F jk F ki ^j (si)(s 2 )(s 3 ) (45) 

so again, to third order, fermionic and bosonic term cancel each other. The first nontrivial term we obtain at fourth 
order, so when we take the leading terms of Mi(s), which is independent of s, we obtain the following result 



-77 TrL fcrmi (M(si)iM(s 2 )iM(s 3 )iM(s 4 )i) MN 



Tr L boson (M(si)iM(s 2 )iM(s 3 )iM(s 4 )i) MN 

l r 
2 

= Fmn = Str(24F iF iF jF j — 24FoiF ;FjkFjk — 
-96F oi F oj F ik F kj + 2AF ij F jk F kl F li - &F l3 F l0 F kl F kl ) 

(46) 

where Str, meaning the symmetric trace, is defined as an average over all ordering in indices ij and to leading order 
we may replace Mq in the exponential function in our Dyson series by the term tmn so after a simple integration, 
and because the trace is independent to leading order in s we obtain the final form for the effective potential: 

-5 K r 13 dt 
Fl = 128 E I ^ S " F(t)M » < 47) 

M<N, N=l J ° MN 

This is the final result, which can be used for studying the thermodynamic properties of Schwarzschild black holes. 
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IV. SCHWARZSCHILD BLACK HOLES 



We will follow Jl5[ in supposing that we have some bound state corresponding to some classical object in matrix 
theory which move in any bounded region in space time and then we will try to evaluate the thermodynamic charac- 
teristics of this system. We will take our background in the form of K clusters of DO branes which are far away from 
each other and we will suppose that their quantum mechanical properties are not important for obtaining the leading 
order result. So we will take the background in the following form: 

IjVixJVi 

X m =\ «/3 + rr)®ljv 2X JV 2 | (48) 

where rf describes position of the cluster in time (3 — and where v™ is the velocity of the cluster and m — 1 ... 9. 
By choosing a background of this form we do not care about the proper structure of the bound state (cluster) of these 
particles. Inserting these background matrices into the effective action we obtain: 

K 1 

r ° = E w, NmV m ( 49 ) 

M=l 




ri ~£ t f* , f*;ri% < 5 »> 

16 m<n?n=i Jo Kin 1 + Kin) 2 

Now we must make a scale transformation, because this effective action has been evaluated for background matrices 
B n and these are related to the physical coordinates and physical velocities through the following transformations: 

B i = gX\ g = MpR, v -» gv, T 1 -» (51) 

After this transformation we obtain as a final result: 

r = r + iwf *#-^| f fdt (52) 

N=l M<N, N—l V V MN l ' MN> 

Now we would like to evaluate some thermodynamic properties for this ensemble. We will suppose that these clusters 
live in some bounded region in space-time and that the radius of this region is R s . Since these clusters must live in 
this region, their thermal average value must obey the following conditions: 

(|r M Jv|) - (\vmn\) (3 - (M) P ~ R s (53) 

where /3 is the inverse temperature of the black hole. The cluster must obey the Heisenberg uncertainty principle, 
which in our situation says 

^<M)iJ.~l (54) 

because the momentum of the cluster (as can be derived from the Lagrangian, using Noether's theorem, since our 
Lagrangian is invariant under translation) is 

Ph = ^ (55) 

We can also suppose that all clusters have on the average the same value of longitudinal momentum P_ , which tells 
us that 

(N M ) - x (56) 
When we combine all these facts, we obtain following average values: 
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(M) ~ (I.m.I) PT) 

Now, since these average values have been estimated, we can start to count the statistical properties of this ensemble. 
We have 

Z{0)= exp- (r ° +ri) = (exp-( r ° +r ^) (58) 

over par ametrs 

(E)=- d -^ = ( d{r ° + a T i ) ) (59) 



d/3 \ dp 

when we apply our average values, we obtain 



RK 2 N lbGnRK* 
[ ' ~ 2R 2 N 2 32N 2 RV 



The Helmholtz free energy is given by 



F = 



In Z (/3) 



K N N v 2 N 15G U A 1 N N N M v 4 MN 



\a- 2i? ^ M<fev=i {vl 1N t 2 + r\ IN )i 

From this free energy we can obtain the entropy: 

o_o2 dF{f3) / l5gu A N N N M f4f M 
1 FIR \ 1RR3 2^ 



^ \ 16i?3 M<fev=l^ (^t 2 + r| w )5 

P 1 fi R3 2^ 



16R3 M<fev=i «iv/3 2 + ^)V 

Inserting our average values into the previous term, we obtain the entropy in the following form 

G n K 3 N 2 
R®N 3 

In order to obtain the value for the radius R s , we apply the virial theorem, which has the form 

(-Ekin) ~ (Epot) — > 

RK 2 N GnRK 3 ( K 2 G X1 ^^ 

it.. 



R 2 N 2 N 2 Rl x " V AT 



(61) 



(62) 



(63) 



(64) 



When we use the previous result for estimating the entropy, we obtain 

S~K«N (65) 

So our result confirms the conjecture of [ pij , that Schwarzschild black holes in region S << N can be described as a 
bound state of K clusters, but this is not the end of the story. 



When we insert ( |64| ) into (60) we obtain 

E~RG~*K^N-* (66) 



-14 „_I 
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and when we use the relation between mass and light-cone energy, we obtain a final result for the mass of a 
Schwarzschild black hole: 

M 2 = 2P-E -> M ~ (G^JY) * K* (67) 

which certainly is not the correct result, since mass is a function of the number N, but mass is a macroscopic quantity 
which cannot depend on microscopic parameters. The reason why we cannot obtain a correct result lies in our 
ignorance of the process of longitudinal momentum exchange. But this is difficult problem in matrix theory, which 
cannot be resolved with our simple result. But if we follow [ p4[ and estimate the interaction term in the way that 
was used in that paper we obtain 

N 

Spot ~ -- (T x ) (68) 



K 



so the average value of the energy is 



RK 2 N 15NG n RK 4 
[ ' ~ 2R 2 N 2 32KN 2 Rl 1 { ' 

and when we apply virial theorem to ( |69| ) , we obtain 

R s ~ (GuK)* (70) 
When we count entropy in the same way as before, we obtain 

_ G n N 3 K 3 G n K 2 



R S „KN S ' iig 



K (71) 



and the energy 

(E) 



RK 2 N 15GnNK 4 R 
2R 2 S N 2 ~ 32KN 2 R 1 S 1 

R (K*_ 



(72) 



and the mass of Schwarzschild black hole becomes 



M =vf £ ~(£)* < ra) 

and finally, when we insert ( f73|) into (|70|), we obtain 

fl s ~(G u M)5 (74) 

which is the correct result for the Schwarzschild radius as a function of the mass of the black hole. Finally, we will 
determine the temperature of the Schwarzschild black hole. To begin with we write the transformation rule in DLCQ 
for a transformation in the longitudinal direction: 

[M+_, P+] = zP+, [M+_, P_] = -iP- (75) 

which means, that these two quantities scale with relatively inverse coefficient under this transformation. And because 
temperature transforms as an energy, we have: 

P N M 

P _ = kPa _^ k= ^ (,.__, Po _ = _) 

/? RM/3 R s 

(76) 



again this is a correct result. 
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V. OBJECTS IN MATRIX THEORY ON A TORUS 



So far we have described only flat eleven dimensional matrix theory and general configuration matrix objects in 
this theory. We would like to confirm the conjecture of that the Schwarzschild black hole in the regime S << N 
can be described as a collection of S membranes. However, there is a problem. The previous effective action is 
certainly valid formally, but cannot describe extended objects in matrix theory for finite N. This is because these 
objects are described by commutator F lJ = i[K l ,K 3 \ terms, of which the trace is certainly zero for finite matrices. 
These extended objects should therefore be described by infinite matrices, but this is not the end of the story. Even 
classically, membranes are stable only if they are infinite, or if they are living on some compact manifold. Finite 
membranes in flat space-time will eventually collapse into a point in the classical case, but when their size will be of 
the order of the Planck scale, the quantum mechanical properties will be important so then we must study the whole 
system as a quantum mechanical system which is described by a special + 1 SYM with gauge group U(N) and this is 
a rather difficult problem. On the other hand, classical infinite membranes cannot serve as a model for Schwarzschild 
black hole. In order to describe a statistical ensemble of stable extended objects (for example membranes), we must 
take these extended objects as being infinite or we must wind them on some compact dimension. In order to describe a 
membrane, which is finite, we must take Matrix theory on a compact manifold, and the simplest way is to compactify 



Matrix theory on a p-torus, which by the standard prescription |23| is the same as SYM on the dual p-torus. In the 



following we will study membranes which are wound over a 3-torus so Matrix theory is described by 3+1 SYM with 

N 
R ■ 



gauge group U(N), for a system with total longitudinal momentum _P_ = The bosonic part of this Lagrangian 
has the form: 



+ (77) 



where the integration is over the dual 3 torus of size (for simplicity all compact dimensions have the same size) 

£ = -ft-f-- Here R is the radius of the longitudinal direction and L is the radius of the compact dimension of the 
original torus. Greek indices run over ... 3 and over i, j = 4 . . . 9. In the Yang-Mills theory, the coupling constant is 

S 2 = Jr (78) 

We would like to show how the action for the membrane arise from the previous Lagrangian since the generalization for 
more membranes is straightforward. (It simply consists in breaking gauge group U(N) into U(Ni)x U (N2) x . . . U(Nk), 
where each subgroup describes one particular membrane.) 

We would like to describe a membrane moving in the fourth direction, and which is wound in the first and second 
direction. In order to describe this membrane we take a classical background in the following way. We suppose that 
<j> are position independent and that there are no Wilson lines § A^dx^ — 0. Then the kinetic term for the scalar field 
reduces to the form 

T 

where V is the volume of the dual torus which is related to the volume of the original torus V through the standard 

form V — P R3 v ■ We must also relate this scalar field with the physical momentum of the membrane in the fourth 
direction. This also means that the only nonzero field is 04, all the others are zero. We take this field to be of the 
form : 

<P = K i ®l NxN (79) 

The unknown constant K can be determined from this condition. The action with (|77|) is invariant under the 
transformation: 

^ =(t) l + b l (g> l NxN (80) 

where b l is an arbitrary constant. This invariance is nothing but Poincare translation symmetry in the transversal 
space. By using standard Noether methods we obtain conserved quantities which are just the moment in the transverse 
dimensions: 

P l = 4 / Tr^dx = 4rVTr0i (81) 
9 2 J g 2 
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and finally, when we insert our background ansatz (J7y) into (81) and using (ffq), we obtain 

-379/0^3 / ^ \ 2 



KNL 3 1:(2tt\ 
P = ^ — — ^ K = P 



R 



i 
p~Z 



As a check, we may insert (79) into the Hamiltonian, which has the form 



H = 



1 



r 



i 



i 



Tr(-F^F^ + 



and if we for the moment leave out the gauge field term, we obtain 



H 



1 



r Tr0 2 V 



,9 Z 



P 2 R 



(82) 



(83) 



(84) 



which is the correct result. 

In order to describe a membrane, we must also have a non- vanishing value of magnetic flux and when the membrane 
is wound on the first and second direction, this flux is 



— / TrFiadxMx 2 = n 

2-7T , 



(85) 



where the integral is over the first and second dimension and n is an integer. Again, when our background configuration 
is independent of the space coordinates, we obtain the following value for F±2 



n 2?r n R 2 L 2 



NT, 2 N 



and when we insert the previous result into (83), we obtain 



—^F?oV = n 2 (2n)- F - = 

2g 2 12 2N V ' 1% 2P- 



(86) 



(87) 



from which we obtain the correct mass of a membrane which is n times wound around the first and second direction. 

L 2 n 



M = 



/ 3 



Now when we take the background in the following form: 



Fv 



/F 1 ®^^ 

F 2 ®1 N2XN2 



(89) 



V 



o 



F 



K 



1 



NkxNk 



where we have 



and 



— / TrFi 9 = — VNF' = n 1 



2tt / 1Z 2?r 



/kH®i NlxNl o 

k 2 t®li 



(90) 



V 



1-N2XN2 ■■■ u 
... ... k K t ® 1 Nk xn k 

and insert it into the effective action, we obtain the effective action for K membranes in the form: 

K 

I 

'2P. 



(91) 



2P- 



(92) 
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We express this effective action in momentum variables because this is more appropriate for compactification (we 
can take the momentum to be finite), but from (|8^ ) we see that in the limit L — > 0, mass goes to zero, so that the 
membrane looks like it lives in a non-compact dimension as a DO brane. 

Now we may start to analyze the effective potential between the K membranes described by the previous background. 
This potential was obtained in a previous work ^0|, which in our case, 3 + 1 SYM, takes the form: 

Ti = - -5— / ^Str(F MN ) (93) 

M<N,N=l Tmn J ° 

where the minus sign is due to the fact that we are calculating the finite temperature effective potential which means 
that we are working in Euclidean signature and 

Fmn — {24:F oi F oi F jF j — 2AF oi F oi FjkFjk 
—96F oi F jFikFkj + 24:FijFjkFkiFu 
- 6Fij Fij F k iF k i) M N 



(94) 



For our background we obtain these nonzero terms 

12MJV = F\im < 

F04MN = 4>4M <8> InxN — 1 Af x M 



F\2MN = F\2M <8> InxN + IjV/x Af &> FT 



12N 
'AN 



(95) 



When we insert this background into ( |93"| ) and using 

Tr (A M <8> A N B M ® B N . . .) = Tr (A M B M . . .) Tr (A N B N . . .) (96) 

and using the fact that for a commuting background (such as in our case) Str is the same as an ordinary trace, we 
obtain 

AGs ^ f ^ P-mP-n 
Ti = — 2^ / dt j x 

M<N,N=1 ' 



' MN 



P, 



M 



Pn \ _ L 2 ( tin_ n M \ 



P-m P-nJ (2^) 2 \N N N M J 



(97) 



where A is a numerical constant, which is not important for our purposes Gg = -fi, and the meaning of the other 
symbols was explained in the previous part where we considered one simple membrane. Again we see that in the limit 
L — > the last term in the effective potential is zero, so again this effective action reduces to the effective action of 
K DO branes in eight dimensions: 

r = r + ri = 

(] yft_ A ^sf P dt P -MP+N ( Pm Pn x 



^P- t R J r{t)\ /[N \R 



MN \r-M r-N 



We see that again this configuration describe an ensemble of K DO particles, so that the analysis will be the same as 
in the previous case or as in (24|], so that we will not repeat this analysis there. 

VI. CONCLUSION 

In the previous parts we have done some simple calculations in Matrix theory. The basic goals of this paper was 
to confirm the conjecture in that a Schwarzschild black hole in the regime N » S can be described as a 
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collection of K membranes which each has a longitudinal momentum P_ ~ N/KR. This goal was achieved in the 
sense that we managed to derive, from first principles, that the entropy is proportional to the number of membranes. 
By estimating the correct potential energy between these clusters we also managed to derive the correct values for the 
other parameters of the black hole. We also showed that the same results hold when we use membrane constituents 
that are stable against collapse, namely, which are wound around some compact manifold. 

Clearly, it would be of great interest to also calculate the potential between the clusters from first principles. This, 
however, is a process that involves longitudinal momentum transfer which is a notoriously difficult problem in matrix 
theory so we will leave this problem for the future. 
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